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The equation of a circle

A circle is drawn with its center at the origin O and radius r.

For any point P(x, y) on the circle, OP = r.

If Q is the point (x, 0) forming a right triangle 
with O and P, then OQ = x and PQ = y.

use the Pythagorean Theorem:

OQ2 + PQ2 = OP2

x2 + y2 = r2so:

P

O Qx
yr

Show that the equation of the circle is x2 + y2 = r2.
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Transforming circles
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The equation of a circle

Suppose a circle is not centered at the origin, but the center C
is the point (h, k). 

use the Pythagorean Theorem:

The vertical distance from C to P is  y – k.

The horizontal distance from C to P is  x – h.

(x – h)2 + (y – k)2 =
CP2

(x – h)2 + (y – k)2 = r2

For any point P(x, y) on the circle, CP = r.

C

P

y – k

x – h

r

Prove the equation of the circle is (x – h)2 + (y – k)2 = r2

so:
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Find the equation
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The equation of a circle

The equation of a circle of radius r centered on the point (a, b) 
is (x – a)2 + (y – b)2 = r2. This can be written in other forms.

expand the equation:

(x – a)2 + (y – b)2 = r2

x2 – 2ax + a2 + y2 – 2by + b2 = r2

rearrange:

x2 + y2 – 2ax – 2by + a2 + b2 – r2  = 0

since a, b and r are constants, write c for 
a2 + b2 – r2:

x2 + y2 – 2ax – 2by + c = 0
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Example

a) Write down the equation of the circle with center (3, 1) 
and radius √5.

b) Show that the point (4, –1) lies on the circle.
a) put the known information in the general equation of a circle:

(x – a)2 + (y – b)2 = r2

(x – 3)2 + (y – 1)2 = 5

b) The point (4, –1) lies on the circle if x = 4, y = –1 satisfies 
the equation of the circle.
substitute: (4 – 3)2 + (–1 – 1)2 = 5

12 + (–2)2 = 5

Therefore, the point (4, –1) does lie on the circle.
1 + 4 = 5

a = 3, b = 1, and r = √5, so the equation of the circle is:
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Finding the center and the radius

The equation of a circle can be used to find the coordinates of 
its center and the length of its radius.

Find the center and the radius of a circle with the equation
(x – 2)2 + (y + 7)2 = 64

Compare this to the general form of the equation of 
a circle of radius r centered on the point (a, b):

(x – a)2 + (y – b)2 = r2

(x – 2)2 + (y + 7)2 = 64

The center is at the point (2, –7) and the radius is 8.

So a = 2, b = –7 and r2 = 64. 
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Finding the center and the radius

Complete the square to write the equation in the form (x – a)2 + (y – b)2 = r2.

Find the center and the radius of a circle with the equation
x2 + y2 + 4x – 6y + 9 = 0

rearrange the equation to put 
the x terms and the y terms together: x2 + 4x + y2 – 6y + 9 = 0

complete the square for the x terms and then for the y terms:

substitute these expressions 
into the equation and simplify:

x2 + 4x = (x + 2)2 – 4 y2 – 6y = (y – 3)2 – 9

(x + 2)2 – 4 + (y – 3)2 – 9 + 9 = 0

(x + 2)2 + (y – 3)2 = 4

(x + 2)2 + (y – 3)2 = 22

The center is at the point (–2, 3) and the radius is 2.
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Practice
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