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Information
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Dividing polynomials

Suppose we want to divide one polynomial f (x) by another 
polynomial of lower order g(x).

● g(x) will divide exactly into f (x). 
In this case, g(x) is a factor of f (x) and the remainder is 0.

There are two possibilities. Either:
● g(x) will leave a remainder when divided into f (x). 

There are three methods to divide one 
polynomial by another. These are:

● using long division
● equating coefficients

● using synthetic division.
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Equating coefficients (1)

Two polynomials are multiplied together and 
the resulting polynomial is x3 + x2 – 10x + 8.
One of the polynomials is x + 4. What is the other?

x + 4 is a linear polynomial. To obtain a cubic polynomial as required, 
multiply it by a quadratic of the form ax2 + bx + c.

write out the multiplication: (x + 4)(ax2 + bx + c) = x3 + x2 – 10x + 8

This is true for all values of x.

Since the expression on the left is equivalent to the expression on 
the right, the coefficients of x3, x2, x and the constant term must be 
the same on both sides of the equal sign.

Solve the equation by equating coefficients.
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Equating coefficients (2)

Use the method of equating coefficients to find the 
values of a, b and c :

distribute:

(x + 4)(ax2 + bx + c) = x3 + x2 – 10x + 8

equate the coefficients of x3:

ax3 + bx2 + cx + 4ax2 + 4bx + 4c = x3 + x2 – 10x + 8

ax3 + (b + 4a)x2 + (c + 4b)x + 4c = x3 + x2 – 10x + 8

a = 1

equate the coefficients of x2: b + 4a = 1

substitute a = 1 : b + 4 = 1

b = –3

group like terms:
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Equating coefficients (3)

equate the coefficients of x:

substitute a = 1, b = –3 and c = 2 into the original equation:

c + 4b = –10

substitute b = –3 : c – 12 = –10

c = 2

(x + 4)(ax2 + bx + c) = x3 + x2 – 10x + 8

(x + 4)(x2 – 3x + 2) = x3 + x2 – 10x + 8

What is x3 + x2 – 10x + 8 divided by x + 4?

Use the method of equating coefficients to find the 
values of a, b and c :

ax3 + (b + 4a)x2 + (c + 4b)x + 4c = x3 + x2 – 10x + 8

(x + 4)(ax2 + bx + c) = x3 + x2 – 10x + 8

already have: a = 1 b = –3
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Remainders (1)

Sometimes a polynomial leaves a remainder when it divides 
into another polynomial.

What is f (x) = 3x2 + 11x – 8 divided by x + 5?

write f (x) = 3x2 + 11x – 8 in terms of a quotient and a remainder:

3x2 + 11x – 8 = (x + 5)(quotient) + (remainder)

Since the dividend is a quadratic polynomial, the quotient must be 
a linear polynomial of the form ax + b.

write: 3x2 + 11x – 8 = (x + 5)(ax + b) + r

expand: 3x2 + 11x – 8 = ax2 + bx + 5ax + 5b + r

3x2 + 11x – 8 = ax2 + (b + 5a)x + 5b + rgroup like terms:
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Remainders (2)

coefficients of x: b + 5a = 11

substitute a = 3: b + 15 = 11

b = –4

coefficients of x2: a = 3

constants: 5b + r = –8

substitute b = –4: –20 + r = –8

r = 12

substitute these values into the original equation:

3x2 + 11x – 8 = (x + 5)(3x – 4) + 12

3x2 + 11x – 8 divided by x + 5 is 3x – 4 remainder 12so

or 3x – 4 + 12
x + 5

What is f (x) = 3x2 + 11x – 8 divided by x + 5?
3x2 + 11x – 8 = ax2 + (b + 5a)x + 5b + r

3x2 + 11x – 8 = (x + 5)(ax + b) + r
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Long division of numbers

The method of long division used for numbers can be applied 
to the division of polynomial functions.

Let’s start by looking at the method for numbers. 

Divide 5482 by 15 using long division.

This shows that 5482 contains 365 lots of 15, 
leaving a remainder of 7.

write this as an equation:

or 5482 = 15 × 365 + 7

dividend

5482 ÷ 15 = 365 remainder 7

divisor= quotient× remainder+

515 4 8 2
3

– 4 5
9 8

6

9 0–
8 2

5

7 5–
7
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Long division of polynomials

We can use the same method of long division to divide 
polynomials. 
What is f (x) = x3 – x2 + 5x – 2 divided by x + 1? 

x3 – x2 + 5x – 2x + 1
– (x3 +   x2)

–2x2 + 5x

– 2x

– (–2x2 – 2x)
7x – 2

+ 7

– (7x + 7)
–9

This shows that x3 – x2 + 5x – 2 divided 
by x + 1 is x2 – 2x + 7, remainder –9

Since the remainder is –9, 
x + 1 is not a factor of f (x).

write this as an equation:

x3 – x2 – 7x + 3 = (x – 3)(x2 + 2x + 7) – 9

x2

or

x3 – x2 + 5x – 2
x + 1 = x2 – 2x + 7 – 9

x + 1
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Long division practice
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Shortening the process

2x3 – 3x2 + 0x + 1x – 2
2x3 – 4x2

x2 + 0x

+  x

x2 – 2x
2x + 1

+ 2

2x – 4
5

2x2

Notice all the duplication of information 
in polynomial long division.

The powers of x follow a consistent
pattern, too, regardless of the 
division being performed.

Because of this, we can shorten
the process of long division with a
technique called synthetic division.

Some expressions are repeated.
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Synthetic division (1)

What is f (x) = 2x3 – 5x2 + x – 7 divided by x – 3? 

by long division by synthetic division

2x3 – 5x2 + 1x – 7x – 3
2x3 – 6x2

x2 + 1x

+  x

x2 – 3x
4x – 7

+ 4

4x – 12
5

2x2

2 –5 1 –73

2

6

1

3

4

12

5

coefficient of x2

coefficient of x
constant

remainder
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Synthetic division (2)

Write the coefficients of the dividend in a 
row. Include zeros, as in long division.

To divide by x – c, put c on “the shelf”.  

Bring down the first coefficient. 

Synthetic division is quicker than long division and can be 
easier because it uses addition rather than subtraction.

What is f (x) = 2x3 – 5x2 + x – 7 divided by x – 3? 
2 –5 1 –73

2

6

1

3

4

12

5

Write the product, 6, in the next column. 

Multiply this number by the number on the shelf, and repeat.

Multiply the number on the 
shelf, 3, by the first number below the line, 2.

Add it to the number 
above it and write the answer, 1, below the line.
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Synthetic division example

What is 3x4 + 13x3 + 54x + 17 divided by x + 5?

3 13 0 54–5

3
–15

4
10
10

–20
17

–50
–2 –3

Notice the –5 on the
shelf, since the divisor
is (x + 5) and x = –5 is a 
zero of this divisor.

There is also a minus 
sign in front of the 
fraction, since the 
remainder is
negative.

Remember to reverse the sign of the constant in the divisor 
and add the rows together. 

3x3 – 2x2 + 10x + 4 – 3
x + 5
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Practicing synthetic division
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Comparing methods
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Remainder theorem (1)

f (7) = 73 – 10(7)2 + 22(7) – 5

= 343 – 490 + 154 – 5

= 2

Why is f (7) the same as the remainder when 
f (x) = x3 – 10x2 + 22x – 5 is divided by x – 7?

What is f (7)?

What is f (x) = x3 – 10x2 + 22x – 5 divided by x – 7? 

x3 – 10x2 + 22x – 5x – 7
x3 – 7x2

–3x2 + 22x

– 3x

–3x2 + 21x
x – 5

+ 1

x – 7
2

x2
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Remainder theorem (2)

f (x) = (x – 7)(quotient) + (remainder)

f (7) = (7 – 7)(quotient) + (remainder)

f (7) = 0 + (remainder)

So when f (x) is divided by (x – 7), the remainder is equal to f (7). 

Why is f (7) the same as the remainder when 
f (x) = x3 – 10x2 + 22x – 5 is divided by x – 7?

f (x) = (divisor)(quotient) + (remainder)

The same argument applies to any polynomial f (x) and any 
divisor (x – a).

The remainder theorem: When a polynomial f (x) 
is divided by (x – a), the remainder is f (a).
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Remainder theorem practice
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Factor theorem

The factor theorem: (x – a) is a factor of a polynomial 
f (x) if and only if f (a) = 0.

What can you conclude about (x + 3)?
(x + 3) is a factor of f (x).

Find the remainder when the polynomial 
f (x) = x3 + 5x2 + 10x + 12 is divided by (x + 3).

By the remainder theorem, the remainder is f (–3).
f (x) = x3 + 5x2 + 10x + 12

f (–3) = (–3)3 + 5(–3)2 + 10(–3) + 12
f (–3) = –27 + 45 – 30 + 12
f (–3) = 0

substitute:
evaluate:
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The remainder and factor theorems: 
when a polynomial f (x) is divided by (ax – b), 

the remainder is f (    ). Therefore, (ax – b) is a factor 
of f (x) if and only if f (    ) = 0.

a
b

b
a

Remainder and factor theorems

How can we find the remainder when a polynomial f (x) is 
divided by an expression of the form (ax – b)?

f (x) = (ax – b)(quotient) + (remainder)

The remainder is equal to f (x) at a value of x such that ax – b is zero.
ax – b = 0

ax = b

x = b
a

Therefore the remainder is given by f (      ).b
a

let:
rearrange for x:
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Finding the remainder
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