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The Standards for Mathematical Practice outlined in the
Common Core State Standards for Mathematics describe varieties of
expertise that mathematics educators at all levels should seek to develop

in their students.

They are:

1) Make sense of problems and persevere in solving them.

2) Reason abstractly and quantitatively.

3) Construct viable arguments and critique the reasoning of others.
4) Model with mathematics.

5) Use appropriate tools strategically.

6) Attend to precision.

7) Look for and make use of structure.

8) Look for and express regularity in repeated reasoning.
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Some quadratic expressions can be written as perfect squares.
For example:

x¥+2x+1 =(x+1)° x¥—2x+1 =(x-1)°

x2+4x+4 = (x +2)2 x2—4x+4 =(x—2)?

x> +6x+9 = (x+ 3)° x>—6x+9 =(x—3)°
In general,

lx2+2ax+cz2 = (x + a)? land l x% — 2ax + a? =(x—a)2|

How could the quadratic expression x? + 6x be made
into a perfect square?

@ We could add 9 to it. @
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Adding 9 to the expression x? + 6x to make it into a perfect
square is called completing the square.

We can write: x2+6x = x2+6x+9-9

We added 9 so we have to subtract
It again to keep both sides equal.

Since x? + 6x + 9 can be written as perfect square, we write:

x2+6x =(x+3)°=-9

Completing , _[ L]z [L]z
the square: by S| ECg= (7

= &
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Investigate completing the square @ @

We 'complete the square’ for a |

quadratic expression to make

it into a perfect square, which
can be factored easily.

The general formula for
completing the square is:

b b
¥rbx=(x+5 - (5
But why?

Press play to see a graphical
explanation of completing the
square method.

T~/ 20000
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Completing the square

In general, | x2 + bx = [x + %JZ _ [%]2

Complete the square for x? + 10x.

use the equation:  (x + 3)* =52 | Compare this expression toJ
simplify: (x + 5)2— 25 (x+5)2=x2+10x + 25

Complete the square for x? — 3x.

cquation: (=2 P—(= 27
’ | 2 2 Compare this expression to
simplify: (x — %)2 _ % (x—1.5)2 =x2—3x +2.25

= &
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Expressions in the form x? + bx @ @

Adjust the variables using the blue arrows.
Complete the square for x* + Sx.

A A
»*+3x=(x+ 0 - 0O
\ 4 \ 4

g/ & ©6
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Completing the square =) &) @

How can we complete the square for x2 + 8x + 9?

Notice that this quadratic has a
constant value added to it. Compare this to J

We can complete the square as (x +4)2=x?+8x + 16
normal, we just have to remember
to add on the constant value.

let
fr?emqutejaere: (x2+4)—42+9
simplify: (x2+4)2 -16 + 9
simplify: (x+4)2-7
In general,

\s,
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Completing the square

Complete the square for x2 + 12x - 5.

~—

complete the square: (x +6)2—-62-5 Compare this to )
simplify: (x - 6)2 —~36-5 (x + 6)2
simplify: (x + 6)2 — 41 =X+ 12x + 36

Complete the square for x2 — 5x + 16.

5
fﬁemspéﬁﬁre: (x—=)r-(- %)2 + 16¥ N

2 Compare this to
distributive property: (x — i )2 — 29 4+ 16 (x — 2.5)?
2 4 =x?—5x+6.25
simplify: (2 i) o - g
| -2 4

= &
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Expressions in the form x2 + bx + ¢ @ @

Adjust the variables using the blue arrows.

Complete the square for x* + 5x + 28.

A '\
X2 +5x+28 =(x+ 0 }?- 0 +28
\ 4 \ 4

g/ & ©6
= &
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Practice questions: completing the square
F" -~ ’? — A
1. | Complete the square for: x% + 8x
" " ) @
e ™\
2. | Complete the square for; x* + 6x — 5 7 @
., - S
= ™
3. | Complete the square for: x> + x + 1 ‘? @
\ S
~ ™
4. | Complete the square for: x> —4x + 15 ? @
S 4
~ ™
3
5. | Complete the square for: x2 — 3x — = “?
._ p q - - ? Q
g\ & <A=J[v]?)
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If the coefficient of x2 is not 1 B2 @

Equations in the form ax? + bx + ¢ can be written in completed
square form as a(x + p)? + ¢ by:

e first taking out the factor a from the terms containing x
e completing the square for the expression in parentheses.

For example, complete the square for 2x? — 4x + 1.
First take the factor 2 out of the terms containing x:
2x2 —4x +1=2(x*—-2x) + 1
Now complete the square within the parentheses:
complete the square: = 2((x —1)2—1) + 1
distributive property: = 2(x — 1)2 —2+1
simplify: =2(x—-1)>-1

\s,
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Completing the square @

Complete the square for 2x2 + 8x + 3.

Start by factoring the first two terms by taking out 2, which is
the coefficient of x? in the expression:

2x2+8x+3=2(x*+4x)+ 3

[ x2+4x=(x-lﬁ

complete the square:  =2((x +2)°—4)+ 3
distributive property: =2(x+2)%-8+3
simplify: =2(x+2)>-5

= &
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Completing the square = @

Complete the square for 5 + 6x — 3x2.

Start by factoring the the terms containing x by —3.

5+ 6x—3x%2=5-3(-2x + x?)

=5 —3(x*— 2x)

[ x2—2x = (x ﬁ
complete the square: =5-3((x—-1)-1)
distributive property: =5-3(x—-1)2+3
simplify: =8 — 3(x —1)?

= &
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Expressions in the form ax? + bx + ¢ @ @

Adjust the variables using the blue arrows.
Complete the square for 3x* + 6x - 28.

A A
332+ 6x-28= 0 (x2+ O x)- 28
\ 4 \ 4

g/ & ©6
= &
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Practice questions: completing the square
F" o~ — A
1. | Complete the square for: 2x? + 8x— 5 2@ @
& B =
~ ™~
2. | Complete the square for: 5x° — 10x — 1 4 @
— - 4
~ ~
3. | Complete the square for: 3x? — 12x ? @
e o
~ ~
4. | Complete the square for: 10 — 3x? — 3x ? @
"~ =
- ~
5. | Complete the square for: 4x¢ + 10x — 1 ? @
= Z o - >
X\ A=l{o]?)
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The diagram below (not to scale) shows a square floor,
(x + 4) m wide, tiled in colored sections. Can you use
completing the square to find the un-tiled area?

'_.J.'.‘L.‘ﬂﬁ.ﬂ“'.l HWE.:‘H.'.': The tiled area is a perfect square,

e e "‘:_'"' ~ 7| minus the un-tiled area.

Cam? 2em? - ’rfxn’: 1 Sum the tiled areas:

PR s BRI 4 v 42022424204 1

e =248y +7

- -fRaaaaean - Complete the square to find the

- II R fm .

om? . ﬁ;ﬁ_ subtracted (un-tiled) area:

el X2+8x+7=(x+4)2-16+7
=(x+4)2-9

@ The un-tiled area measures 9 m2. @
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Solving quadratic equations @

Quadratic equations that cannot be solved by factoring can be
solved by completing the square.

For example, the quadratic equation x2 —4x—-3 =0
can be solved by completing the square as follows:

(x—2)%-4-3=0
simplify: (x—22-7=0
add 7 to both sides: (x—2)2=7

How would you complete the solution?

square root both sides: x — 2 = +\7

@ x=2+\7T or x=2-17 @
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Solving quadratic equations @

Solve x? + 8x + 5 = 0 by completing the square, writing
the answer as a decimal to the nearest thousandth.

Complete the square on the left-hand side:

(x+4)2-16+5=0

simplify: (x+4)2-11=0

add 11 to both sides: (x+4)2=11

square root both sides: x + 4 = +\J11
x==4+\11 or x=-4-11
x =-0.683 x =-7.317

(to nearest thousandth)

= &
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Solving quadratic equations @

Solve 3x? — 6x — 5 = 0 by completing the square.

take out the factor 3 from x terms: 3(x2—2x)—=5=0

complete the square: 3((x=1)2%-1)-5=0

distributive property 3(x—1)#2-3-5=0
3(x—1)%-8=0

add 8 to both sides: 3(x—1)=8

divide both sides by 3: (x—1)%= %

square root both sides: x—1==+ \/%

x=1+\/j% or x=1_\/_§_
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